Under broken time reversal symmetry such as in the presence of external magnetic field or internal magnetization, a transverse voltage can be established in materials perpendicular to both longitudinal current and applied magnetic field, known as classical Hall effect. However, this symmetry constraint can be relaxed in the nonlinear regime, thereby enabling nonlinear anomalous Hall current in time-reversal invariant materials -an underexplored realm with exciting new opportunities beyond classical linear Hall effect. Here, using group theory and first-principles theory, we demonstrate a remarkable ferroelectric nonlinear anomalous Hall effect in time-reversal invariant few-layer WTe2 where nonlinear anomalous Hall current switches in odd-layer WTe2 while remaining invariant in even-layer WTe2 upon ferroelectric transition. This even-odd oscillation of ferroelectric nonlinear anomalous Hall effect was found to originate from the absence and presence of Berry curvature dipole reversal and shift dipole reversal due to distinct ferroelectric transformation in even and odd-layer WTe2. Our work not only treats Berry curvature dipole and shift dipole on an equal footing to account for intraband and interband contributions to nonlinear anomalous Hall effect, but also establishes Berry curvature dipole and shift dipole as new order parameters for noncentrosymmetric materials. The present findings, therefore, suggest that ferroelectric metals and Weyl semimetals may offer unprecedented opportunities for the development of nonlinear quantum electronics.
Introduction
In classical linear Hall effect, a transverse voltage can be developed in materials with broken time-reversal symmetry only (e.g. in the presence of external magnetic field or internal magnetization) due to Onsager's relation. Second and higher order conductivity tensors, however, are not subject to this constraint, thereby enabling nonlinear anomalous Hall effect (NAHE) in time-reversal invariant system [1] [2] [3] [4] . NAHE was observed very recently in few-layer tungsten ditelluride (WTe2) [5] [6] [7] [8] [9] [10] , a layered material which also holds rich physics including high-temperature quantum spin Hall phase [11] [12] [13] [14] and electrostatic gating induced superconductivity 15, 16 in its 1T' monolayer and type-II Weyl semimetallicity 17 , large non-saturating magnetoresistance 18 and ultrafast symmetry switching 19 in its bulk phase.
Monolayer 1T' WTe2 is centrosymmetric with vanishing even-order nonlinear current response, however vertical electric field can break its two-fold screw rotation symmetry, generate
Berry curvature dipole (BCD), and induce second-order nonlinear anomalous Hall current [5] [6] [7] [8] . In contrast to monolayer WTe2, bilayer WTe2 is naturally noncentrosymmetric due to the loss of twofold screw rotation symmetry, resulting in intrinsic nontrivial BCD in bilayer WTe2 9, 10 . Surprisingly, ferroelectric switching was recently discovered in semimetallic bilayer and few-layer , very unusual as ferroelectricity and semimetallicity normally do not co-exist in the same material 21 . The subtlety lies in the reduced screening along the out-of-plane direction which gives rise to finite out-of-plane ferroelectric polarization while preserving in-plane semimetallic nature.
Conductance hysteresis persisting up to 300K shows its great potential for room temperature device application. These recent studies combined reveal a striking feature of noncentrosymmetric few-layer WTe2 -the coexistence of ferroelectricity and NAHE within a single material, 
Results and Discussion

Ferroelectric transition in bilayer and trilayer WTe2
Both bilayer and trilayer WTe2 were found to exhibit ferroelectric switching, however their transformation is fundamentally different, which plays a key role in their distinct NAHE. Crystal structures of monolayer, bilayer, and trilayer WTe2 are shown in Fig. 1 . Monolayer 1T' WTe2 has a C2h point group with a mirror plane symmetry ℳ " perpendicular to y-axis and a two-fold screw rotation symmetry $" . This leads to inversion symmetry ℐ = ℳ " $" or $" ℳ " . Upon van der Waals Td stacking, multilayer noncentrosymmetric Td WTe2 possess mirror plane symmetry ℳ "
only, but no longer hold $" symmetry as the rotation axes of different layers are not related by any symmetry operation in the point group, consequently multilayer Td WTe2 lost inversion center with Cs point group.
Ferroelectric transition pathways of bilayer and trilayer Td WTe2 are shown in Fig. 2 Here is the relaxation time and 8 †r is the Levi-Civita symbol. 8q wxyz{ is the well-known BCD for intraband nonlinear process 2 . 8q Š,wxy|z is BCD for interband process associated with CPGE 9 .
8,qr
,wxy|z is shift dipole (SD), originated from the simultaneous displacement of wavepacket upon excitation. More specifically, they are given by
Here, ℏ -( ) , -q ( ) , and -( ) are band energy, group velocity, and chemical-potential In this case, a dc LPGE current remains which is perpendicular to the applied electric field, thereby inducing static NAHE. At high frequency, CPGE becomes nontrivial, referred as to dynamic NAHE. The NAHE dc current may switch their direction upon certain ferroelectric transition, giving rise to FNAHE.
NAHE in bilayer and trilayer WTe2 upon ferroelectric switching
Now we proceed to discuss NAHE in few-layer WTe2, in particular ferroelectric switching of NAHE (i.e. FNAHE) in odd-layer WTe2, and reveal the intriguing connection between BCD/SD and ferroelectric order. We compute their electronic structure by first-principles DFT using hybrid exchange-correlation functional with spin-orbit coupling taken into account. Quasiatomic spinor
Wannier functions and tight-binding Hamiltonian were obtained by rotating and optimizing the Bloch functions with a maximal similarity measure with respect to pseudoatomic orbitals 28, 29 .
Subsequently, first-principles tight-binding approach was applied to compute all the physical quantities such as band structures, BCD, SD, Berry curvature etc. More calculation details can also be found in Methods Section.
Electronic band structure of bilayer WTe2 is presented in Fig. 3a . Moreover, upon ferroelectric transition between -mFE and +mFE state, the Berry curvature, BCD and SD remain unchanged, thus nonlinear anomalous Hall current will not switch direction upon ferroelectric transition in bilayer WTe2. Similarly, the our-of-plane spin polarization remains unflipped, while the in-plane spin polarization is expected to reverse (see Supplementary Fig. S3 and S4 ). (see Supplementary Fig. S5 and S6) . Finally, the susceptibility of bilayer and trilayer WTe2 will be reversed in the trilayer case only (e.g. Supplementary Fig. S7 for interband LPGE).
The above electronic structure results demonstrate a striking difference between bilayer and trilayer WTe2, that is, nonlinear anomalous Hall current flips its direction upon ferroelectric switching in trilayer WTe2, but remains unchanged in bilayer WTe2.
Group theoretical analysis of NAHE in bilayer and FNAHE in trilayer WTe2
Here we provide a group theoretical analysis of NAHE in addition to the above first-principles The correlation between the irreducible representations of parent group C2h and its noncentrosymmetric subgroups C2, Cs, and C1 is summarized in Supplementary Table S1 . We start from monolayer 1T' WTe2 which has point group of C2h, whose second order nonlinear current response vanishes due to the presence of inversion symmetry. Upon vdW stacking (e.g. few-layer and bulk Td WTe2), $" is broken with " left unchanged, which breaks the inversion symmetry and results in subgroup Cs. Consequently, as we analyzed above, and centrosymmetric C2h point group, respectively. Thus, despite that the out-of-plane electric polarization vanishes in both cases, nonlinear anomalous Hall current of the PE state vanishes in trilayer, but remains finite in bilayer.
In conclusion, using first-principles calculations and group theoretical analyses we investigated the NAHE in bilayer and trilayer WTe2 and, more importantly, the underlying microscopic origin of FNAHE (i.e. ferroelectric switching of NAHE) in trilayer WTe2. Although both bilayer and trilayer WTe2 exhibit ferroelectric transition with similar electric polarization, they behave very differently in NAHE. In the trilayer case, the nonlinear anomalous Hall current flips direction upon ferroelectric switching due to the reversal of BCD and SD under an effective inversion operation of the two ferroelectric states. In contrast, the two ferroelectric states in bilayer 
Methods
First-principles calculations of atomistic and electronic structure
First-principles calculations for structural relaxation, electric polarization, and quasiatomic spinor
Wannier functions were performed using density-functional theory 25, 26 as implemented in the Vienna Ab initio Simulation Package (VASP) 31 with the projector-augmented wave method 32 . We employed the generalized-gradient approximation of exchange-correlation functional in the Perdew-Burke-Ernzerhof form 33 , a plane-wave basis with an energy cutoff of 300 eV, a
Monkhorst-Pack k-point sampling of 6×12×1 for the Brillouin zone integration, and optB88-vdW functional 34 to account for dispersion interactions. Fig. S8 ). Finally, since few-layer WTe2 is either semimetallic or having very small gap, the dielectric screening is large, thus effect of the Coulombic interaction between electrons and holes is negligible. Figures   Fig. 1 Crystal structure of monolayer, bilayer, and trilayer WTe2. a Monolayer 1T' WTe2 with centrosymmetric C2h point group. It has a mirror plane ℳ " and a screw rotation symmetry $" , which leads to the inversion symmetry ℐ = ℳ " $" . b,c Bilayer and trilayer Td WTe2 with C Õ point group. $" symmetry is broken, hence the inversion symmetry ℐ is also broken in bilayer and trilayer WTe2. ,wxy|z ( , ) as function of chemical potential for -iFE and +iFE state, respectively. For interband BCD and SD, is set to 120 meV. e,f k-dependent distribution of intraband Berry curvature Ω -/ ( ) at = ±50 meV for -iFE and +iFE state, respectively. g,h k-dependent distribution interband Berry curvature Ω -™ / ( ) between (VBM-1,CBM) around the Fermi surface for -iFE and +iFE state, respectively. The results clearly show that nonlinear anomalous Hall current in trilayer WTe2 will switch sign upon ferroelectric transition, in direct contrast to the bilayer case. Ferroelectric switching of nonlinear current in the -iFE and +iFE state of trilayer WTe2, respectively. Upon the polarization Pz switching, nonlinear anomalous Hall current ) u from LPGE switches between -x and +x direction under external field with in-plane linear polarization, while nonlinear anomalous Hall current " v from CPGE switches between -y and +y direction under circularly-polarized light with normal incidence.
First-principles electronic structure calculations of NAHE
